Abstract. We study properties of Bloch's higher Chow groups on smooth varieties over Dedekind rings. We prove a conditional Gersten resolution, which implies that H i (Z(n)) = 0 for i > n and that there is a Gersten resolution for H i (Z/p r (n)), if the residue characteristic is p. We also show that the Bloch-Kato conjecture implies the Beilinson-Lichtenbaum conjecture, an identification Z/m(n)é t ∼ = µ ⊗n m , for m invertible on the scheme, and a Gersten resolution with (arbitrary) finite coefficients. Over a discrete valuation ring of mixed characteristic (0, p), we construct a map from motivic cohomology to syntomic cohomology, which is a quasi-isomorphism provided the Bloch-Kato conjecture holds.
Introduction
Let X be an (essentially) smooth variety over a base B, and define motivic cohomology H * (X, Z(n)) andétale motivic cohomology H * et (X, Z(n)) as the hypercohomology of Bloch's cycle complex Z(n) for the Zariski andétale topology, respectively. If B is the spectrum of a field, then these groups agree with the cohomology of Bloch's cycle complex on the one hand, and with Voevodsky's motivic cohomology groups on the other hand. In case B is a discrete valuation ring, Levine [16, 15] has established several properties, most notably the localization property, which assures that cohomology and hypercohomology of Z(n) agree. The purpose of this article is to establish further sheaf theoretic properties of Z(n) if the base is a Dedekind ring. Fix an essentially smooth scheme X over the spectrum of a Dedekind ring B. We recall basic properties and the results of Levine, and show the following conditional Gersten resolution: Theorem 1.1. Assume that for any discrete valuation ring R, essentially of finite type over B, with quotient field K, the map H s (R, Z(n)) − → H s (K, Z(n)) is injective. Then there is an exact sequence of Zariski sheaves on X,
− → x∈X (1) (i x ) * H s−1 (k(x), Z(n − 1)) − → · · · .
The analogous statement holds with arbitrary coefficients. The proof is based on the modification of Quillen's original argument [21] by Gillet-Levine [9] . As corollaries, we obtain that the complex Z(n) is acyclic in degrees above n, and a Gersten resolution for H s (Z/p r (n)) if B has residue characteristic p.
Forétale motivic cohomology, there is no localization long exact sequence. Instead one expects for i : Y − → X the inclusion of one of the closed fibers a quasiisomorphism
The Bloch-Kato conjecture [3] states that for any field F , and m relatively prime to the characteristic of F , the symbol map from Milnor K-theory to Galois cohomology, K (1) (Purity) The quasi-isomorphism (1) holds.
(2) (Beilinson-Lichtenbaum) There is a quasi-isomorphism
(3) (Rigidity) For an essentially smooth Henselian local ring R over B with residue field k and 
Note that the combination of (2), (4) and (5) gives a Gersten resolution for the sheaf R s * µ ⊗n m for s ≤ n, m invertible on B and : Xé t → X Zar the change of site map.
If X is a smooth scheme over a discrete valuation ring of characteristic (0, p), then (1) implies the existence of a distinguished triangle
By results of Kato and Kurihara [13] , this property is shared by syntomic cohomology S r (n) of Fontaine-Messing [6] , whenever the latter is defined. In general, we define S r (n) as the cone of a map κ :
The following theorem shows that motivic cohomology can be thought of as a generalization of syntomic cohomology, see Milne [18, remark 2.7] and Schneider [23] . Theorem 1.3. There is a unique map i * Z/p r (n)é t − → S r (n) in the derived category ofétale sheaves on Y which is compatible with the maps of both complexes to τ ≤n i * Rj * µ ⊗n p r . The map is a quasi-isomorphism provided that the Bloch-Kato conjecture with mod p-coefficients holds.
This can be used to better understand the relationship between various proofs of the crystalline conjecture, and to construct cycle maps to syntomic cohomology.
Notation: Unless otherwise stated, B is the spectrum of a Dedekind ring D, and X an essentially smooth scheme over B. For a point b ∈ B we denote by i b : X b → X the closed embedding of the fiber of X over b, and byX b the fiber over the localization of B at b. We let Xé t , X Nis and X Zar be the category ofétale schemes over X equipped with theétale, Nisnevich and Zariski topology. These sites are noetherian, in particular cohomology commutes with filtered colimits. In case the site has infinite cohomological dimension (which may happen for theétale topology), we calculate derived functors of unbounded complexes using the method of Spaltenstein [24] . The maps Xé t α − → X Nis β − → X Zar and = β •α are the canonical maps of sites. Clearly, * , α * , β * are exact and preserve colimits, whereas * , α * , β * are left exact, preserve injectives and limits. 
The analogous statements for α and β hold. b) If theétale cohomological dimension of each residue field of Y is finite, then
Proof. a) The maps on the left arise by the universal property of sheafification. The statements on the right are adjoint to the statements on the left, and it suffices to verify one of each pair. Since all functors involved in the right hand side preserve injectives, it suffices to verify the isomorphisms of functors before deriving. The statements * j * ∼ = j * * and * i * ∼ = i * * are obvious. The other two statements follow because
and similarly 
Remark. The other combinations of the functors do not commute in general. For example, if R is a local ring with closed subscheme i : Spec R/I → R, and if R h I is the Henselization of R along I, then
The failure of the adjoint maps * Rj * − → Rj * * and * Ri ! − → Ri ! * to be quasiisomorphisms are closely related to the Beilinson-Lichtenbaum conjecture.
Motivic Cohomology
We define motivic cohomology as the the hypercohomology of Bloch's cycle complex: Let z n (X, i) be the free abelian group on closed integral subschemes of codimension n on X × ∆ i which intersect all faces properly. Intersecting with faces defines a structure of a simplicial abelian group, and hence gives a complex z n (X, * ). The complex z n (X, * ) is easily seen to be covariant for proper morphisms (with the appropriate shift in weight and degree) and contravariant for flat morphisms.
Lemma 3.1. Let X be quasi-compact. The presheaves z n (−, i) are sheaves on the site (f t/X) f l , the category of schemes of finite type over X, with flat morphisms of finite type as coverings.
Proof. Every scheme of finite type over a quasi-compact scheme is again quasicompact. Since flat maps of finite type are open, the site (f t/X) f l is noetherian. To check the sheaf property, we can restrict ourselves to coverings of X which consist of a faithfully flat morphism Y − → X by [19, prop. 3.5] , and we have to show that the following sequence is exact:
Exactness on the left is clear, and exactness in the middle is the flat descent theorem, [19, I 2.23] . 2 The complex of sheaves Z(n) t on the site X t , where t ∈ {Zar, Nis, et}, is defined as the cohomological complex with z n (−, 2n − i) in degree i. For an abelian group A we define A(n) to be Z(n) ⊗ A. Since Z(n) is a complex of sheaves for the flat topology, * Z(n) Zar = Z(n)é t , * Z(n)é t = Z(n) Zar , and similarly for α * α * and β * β * . Consequently,
We define H i t (X, Z(n)) as the hypercohomology of Z(n) t and often omit t if t = Zar. A flat map f : X − → Y induces via the pull back of cycles a map of sheaves
Together with the adjoint map we get 
and hence
forms a distinguished triangle in the derived category of abelian groups. In particular, motivic cohomology H s Zar (X, Z(n)) agrees with the cohomology of the complex of abelian groups Γ(X, Z(n)). 
forms a distinguished triangle in the derived category of sheaves on X. In particular, there is an isomorphism of hypercohomology groups
We verify the exactness stalkwise. Since the cycle complex commutes with direct limits of rings, it suffices to verify the statement for the local ring at a point x ∈ X. If x is in the generic fiber, then O X,x is essentially of finite type over a field, the situation which was considered by Bloch [1] . If x is in a closed fiber, then O X,x satisfies the hypothesis of the theorem.
To see that the adjoint map p * Z(n) − → Rp * Z(n) is a quasi-isomorphism, consider the stalk at b ∈ B. Then by the theorem,
Remark. By the same argument we get a quasi-
U , and after applying p * , a quasi-isomorphism
On the other hand,
because all complexes are quasi-isomorphic to the cone of the morphism Z(n)
U . In particular, we can identify the canonical maps * Rj * Z(n)
Corollary 3.4. Let X be essentially of finite type over B. Then there is an exact triangle
Proof. This is (5) applied to lemma 2.1. 2
Corollary 3.5. Let X be essentially of finite type over B and A 1 X p − → X be the projection map. Then the pull back map
is an isomorphism. In particular, the two maps
induced by the zero-and one-section are defined and agree.
Proof. Because Rp * commutes with direct sums on a noetherian site [19, III 3 .6d], the localization sequence (6) reduces the statement Z(n) ∼ = Rp * Z(n) to the field case, which was proved by Bloch [1] . Since p * is an isomorphism, any cycle in
Composing with the push-forward along the structure morphism q : Y − → B we get a map of complexes on B, p * Z(n)
For theétale topology we get covariant functoriality if f * ∼ = Rf * , for example if f * is exact:
However, there is no covariant functoriality forétale motivic cohomology satisfying a projection formula, as the following example shows: Let m be invertible in k and consider k 
, the induced map on motivic cohomology of P Proposition 3.6. For any essentially smooth scheme X over B, the following adjoint map is a quasi-isomorphism
Proof. The proposition is known for a smooth scheme over a field, see [4] . We first show purity for the embedding of a closed fiber i : X b − → X,
Consider the embeddings
It is easy to check at stalks that ι ! j * = i ! and that j * maps injective sheaves to sheaves which are acyclic for ι ! . Hence we can localize the base at b. Comparing β * i * Zar applied to (6) with i * Nis applied to (3) via the adjoint map, we get the diagram
The right hand map hence the left hand map is a quasi-isomorphism because the proposition is known over a field,
Now the triangle (3) becomes the upper row of the following diagram, which we compare to Rβ * applied to (3) via the adjoint map:
Since Rβ * commutes with pseudo-filtered colimits, the outer maps, hence the middle map is quasi-isomorphism. 2
Gersten resolution
We combine the methods of Bloch [2] , [1] and Gillet-Levine [9] to the following more precise version of theorem 1.1 of the introduction: Theorem 4.1. Let X p − → B be the local ring at a point x of an essentially smooth scheme over B. Let V be the local ring of X at the generic point of the fiber
Proof. Consider the descending filtration by coniveau on cycles. Let
be the subcomplex of z n (X, * ) generated by cycles such that the projection to X has codimension at least s. The corresponding spectral sequence reads
Taking the limit over sequences (4), we get an isomorphism
Here the middle limit runs through all pairs Y ⊆ Z with Z of codimension s and Y of codimension s + 1, and the right hand map sends a cycle on a subscheme to its restriction to the generic points. Consequently,
The sequence of the theorem from the second term on is the sequence of E 1 -terms and differentials. If we can show that the map
are zero, then the short exact sequences
splice together to show that the sequence of d 1 -differentials is exact, except at the first spot s = 0, where the kernel is H −t (F 0 z n (X, * )) = H 2n+t (X, Z(n)). If s > 0, then any fixed element c ∈ F s+1 z n (X, * ) lies in the image of F s z n−1 (Y, * ), for Y a principal effective divisor, flat over Λ. Since the latter has zero boundary if the former has zero boundary, the same holds for cohomology classes. Since X is the localization of X = Spec S in x, for S a finitely generated algebra over the discrete valuation ring Λ = B b , we can (after decreasing X ) assume that c is the restriction of an element in F s+1 z n (X , * ) and comes from Y = Spec S/tS, where t is a regular element of S. We can always replace Spec S by a smaller affine neighborhood of x.
By [9, Lemma 1, Section 2], after replacing X by a smaller affine neighborhood of x, we can find a morphism π : X − → A . Let C be the closed set ofZ consisting of all irreducible components of the divisor g = 0 which are not components ofs(Y ). Then C does not contain any point ofp −1 (x), so its imagep(C) ∈ X is a closed subset not containing x. By removingp(C) from X , we can assume that the divisor g = 0 is s(Y ).
Let y ∈ z n−1 (Y , t), z = q * y ∈ z n−1 (Z, t) andz be the closure of z inZ × ∆ t . Consider the closed embeddings
and let γ * :
be the induced map on cycles. Since g g−1 has a pole on D, γ * (z) agrees with the restriction ofγ * (z) tō Z × A 1 × ∆ t , hence is closed inZ × A 1 × ∆ t and can be viewed as an element of z n (Z × A 1 , t). By homotopy invariance, the two maps i * 0 , i * 1 induced by the points 0, 1 ∈ A 1 induce homotopic maps z n (Z × A 1 , * ) → z n (Z, * ). Since g has no poles, the image ofγ * does not meetZ × {1}, and i * 1 is the zero map. Consider the cartesian square Y
Sincez is a cycle onZ which meets Y properly because ofz ∩s(Y ) = q * y ∩ s(Y ), the base change for algebraic cycles gives i * 0γ * z =s * s * z . Because the divisors(Y ) defined by g = 0 is disjoint from D, we have
This shows that the inclusion F s+1 z n (X, * ) → F s z n (X, * ) induces the zero map on homology. The analog statement for s = 0 is by (4) equivalent to the injectivity of the map
. By the same argument as above,
is injective, because Spec V arises from X by removing flat divisors. On the other hand, the map
Corollary 4.2. Let X be an essentially smooth scheme over B. Then H i (Z(n)) = 0 for i > n.
Proof. We can assume that X is local. Let R be the local ring of a generic point of the closed fiber of X, k the residue field and K the field of quotients of R. We have shown in the proof of theorem 4.1 that
we get H s (R, Z(n)) = 0 for s > n + 1. On the other hand,
Corollary 4.3. Let X be a smooth scheme over a discrete valuation ring with residue characteristic p. Then there is an exact sequence
Proof. Let R be the local ring of a generic point of the closed fiber of X, k the residue field and K the field of quotients of R. We have to show that in the localization sequence
the map δ is surjective. By [7] the right group is trivial for s = n, and agrees with K M n−1 (k)/p r for s = n. Let t be a uniformizer of R. Then we can lift any symbol {x 1 , . . . , x n−1 } of the latter group to the symbol
Etale motivic cohomology
In this section we studyétale motivic cohomology. Let us first discuss rational motivic cohomology:
Proposition 5.1. If X be an essentially smooth scheme over B, then
Proof. We first prove the theorem for X a smooth variety over a field. By replacing X by anétale scheme V over X it suffices to show H s Zar (X, Q(n))
be the presheaf on Et/k(x) which maps k /k(x) to H ś et (k , Q(n)). Since higher cohomology of a profinite group is torsion, the spectral sequence for the cohomology of a complex shows that this presheaf agrees with z n (−, 2n − s) ⊗ Q, which is a sheaf by lemma 3.1. Now if U isétale over X, then
Thus the sheafification of the presheaf of exact sequences coming from the Gersten resolution gives the following exact sequence ofétale sheaves
Since higher cohomology of a profinite group is torsion, we get for any
Hence the terms in (9) are acyclic for Γé t (X, −), and we can calculateétale rational motivic cohomology with this resolution. On the other hand,
. The first equality follows using trace maps, and the third equality comes from the degeneration of the Hochschild-Serre spectral sequence. Thus applying Γé t (X, −) to (9) and Γ Zar (X, −) to the Gersten resolution gives isomorphic sequences, hence an isomorphism H s Zar (X, Q(n))
To generalize the theorem from a field as a base to a Dedekind ring as a base, we repeat the proof of proposition 3.6, replacing Z(n), N is, and β by Q(n),ét, and , respectively. Our next goal is to understand theétale motivic cohomology sheaves with finite coefficients. Over a field of characteristic p, one has [7, 8] 
Here ν n r = ν p r (n) = W Ω n r,log is the logarithmic de Rham-Witt sheaf. One expects the following weaker version of localization:
Conjecture 5.2. (Purity) Let X be essentially smooth over B, and i : X b − → X be the inclusion of the closed fiber over b ∈ B. Then there is a quasi-isomorphism
Moreover, truncation is only necessary for n = 0 and for the mod p-part, p the characteristic of k(b).
We now prove theorem 1.2 of the introduction. Proof. 1) In fact we prove the stronger statement of conjecture 5.2. The proof is a variant of the proof of proposition 3.6, keeping track of the range of validity. Both conjecture 5.2 and the Beilinson-Lichtenbaum conjecture hold with rational coefficient without truncation by proposition 5.1. To show that the Bloch-Kato conjecture implies conjecture 5.2, we can assume as in proposition 3.6 that B is local. Applying * i * to (6) and comparing to (3) via the adjoint map, we get the
The right hand map is quasi-isomorphism up to degree n+1, because the BeilinsonLichtenbaum conjecture over a field implies that * Rj * Z(n) Zar
Thus the left map is a quasi-isomorphism up to degree n + 1. Now
is acyclic above degree n + 1 by corollary 4.2. If m is invertible on the fiber over b and n > 0, then the right two terms of the lower sequence of (5) are acyclic with Z/m-coefficients above degree n in view of absolute cohomological purity:
Hence Ri ! Z/m(n)é t is acyclic above degree n + 1, and truncation is not necessary. 2) The Bloch-Kato conjecture implies the Beilinson-Lichtenbaum conjecture over a field, see [7, 8] . In general, we can consider stalks and assume that the base is local. We compare the triangle (6) to R * applied to (3) via the adjoint map:
The maps α and γ is a quasi-isomorphism up to degree n+1, because the conjecture holds over fields and because
On the other hand, α is injective in degree n + 2 because the domain is 0. By the five-lemma, β is a quasi-isomorphism up to degree n + 1.
3) To prove rigidity, consider the diagram
The lower horizontal arrow is an isomorphism by rigitiy forétale cohomology, and the vertical maps are isomorphisms for i ≤ n + 1 by the Beilinson-Lichtenbaum conjecture. On the other hand, the upper terms are both zero for i > n by corollary 4.2. 4) Compare the following two distinguished triangles of (3) 5) It suffices to check this for a local ring R of X and for m a power of some prime number l. If R has residue characteristic l, then the statement was proved in corollary 4.3. If l is invertible in R, then by theorem 4.1, (2) and (4), it suffices to show that the map H Remark. Using the product with equidimensional cycles defined by Levine [16] , one can show under the same hypothesis that µ ⊗n m is a split direct summand of Z/m(n)é t . This is because the cycle class map is split by the composition The cup product is defined because we are multiplying with one-codimensional cycles, and the composition with the cycle class map is the identity because the cycle class map is multiplicative [8, Prop. 4.7] .
We define the p-cohomological dimension cd p Xé t of the site Xé t to be the smallest integer n such that H í et (V, F ) = 0 for all i > n, any scheme Vétale over X and any p-torsion sheaf F . Proposition 5.3. Let X be essentially smooth over B with a closed fiber i : X b → X of residue characteristic p and generic fiber U . Then conjecture 5.2 implies
for n ≥ cd p Ué t .
Proof. In view of proposition 5.1, corollary 3.3 and theorem 1.2(4), the sheaves R s i ! Z(n)é t are torsion and m-divisible for p |m and s > n + 1. By a diagram chase it suffices to show that R s i ! Z/p(n)é t = 0 for s > n + 1 ≥ cd p U + 1. By excision we can furthermore assume that B is local. As H s (Z/p(n)é t ) = 0 for s > n, the long exact decomposition sequence gives isomorphisms i * R s−1 j * µ 
